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References: Serre’s Local Fields [Ser80] and C. Breuil’s course notes [Br07].
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Notations.

p is a fixed prime number,

k is an algebraically closed field of characteristic p >0,

G =GLy(Qp), K = GL,y(Zp), K(r) = 1+ p" Mat,n(Zp), 7 = 1.

For a group I', Modr is the category of I'-representations over k, and Mod*™r is the
category of smooth I'-representations over k. Vec denotes the category of k-vector
spaces.

For a field K, we set G := Gal(K®¢P/K).

Qpn denotes the unique (after fixing @p) unramified n-degree extension of Q.



Chapter 1

Introduction

0.1. Weil-Deligne representations. There is a natural surjection Gal(@p/ Qp) — Gal(Fp/[F p)
which comes from the residue field extension F,,/ F,. The kernel of this map is called the
inertia group. We remark that

Gal(F,/F,) = hrrlnGal(Fpn/[Fp) = hlran/nZ =7,

the profinite completion of Z. There is a special element, called the Frobenius in Gal(Fp, Fp)
which acts as raising to the pth power. This generates a cyclic group isomorphic to Z inside
Gal(Fp, F,). The preimage of this subgroup along the natural map Gal(@pl Qp) — Gal(Fp/ Fp)
is called the Weil group of @, which we denote by Wg,. A Weil-Deligne representation is
a pair (po, N) consisting of a representation pg of the Weil group Wy, along with a nilpotent
operator N called the monodromy operator, such that

po(@)Npo(o) ' =lo|N

forall o e Wo,» where || is the valuation of the element of (I;D; corresponding to o under
the isomorphism Q} = W&S given by local class field theory.

0.2. p-adic local Langlands. Fix a prime ¢ # p. The classical local Langlands correspon-
dence states roughly that there is an injective map

continuous representations of ) . o
@ d | irreducible, admissible
Gal(Q,/Q,) on n-dimensiona )

PP representations of GL, (Q,)
4 Q,-vector spaces, up to b= —_
) . o on Q,-vector spaces,
isomorphism. Additionally, . .
up to isomorphism.

Frobenius must act semisimply.

A representation G — AutV called admissible if VX is finite dimensional for any compact
open subgroup K of G. To obtain a bijection, the left-hand side is enlarged by replacing it by
the set of Frobenius-semisimple Weil-Deligne representations of the Weil group Wg,. That
is,
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continuous Weil-Deligne ) ) o
) irreducible, admissible
representations of Wy, on )

_ representations ofGLn(Q),,)
{ n-dimensional Q,-vector spaces, y +— _
. . . on Q,-vector spaces,
up to isomorphism. Additionally, ) )
up to isomorphism.

Frobenius must act semisimply.

When ¢ = p, we have “more” Galois representations due to the fact that Gal(@p/ Qp) and
GL, (@p) have compatible topologies.

For n =1, this correspondence reduces to local class field theory. Indeed, for n =1, the
left hand side is just continuous homomorphisms Gal(@p/ Qp) — Q. Such maps factor as
Gal(@p/ Q p)ab — Q. The local reciprocity map from local class field theory tells us that there
is an “almost isomorphism”

0p: Q) — Gal(@,/Q,)™.
This is an almost isomorphism in the sense that it factors as an isomorphism through the
profinite completion of Q.

0.3. Mod p local Langlands. We hope to prove something similar in the positive characte-
teristic case, which we state below-

Let k be any algebraically closed field of characteristic p. There is a canonical bijection between
isomorphism classes of smooth irreducible 2-dimensional representations of Wy, over k and
isomorphism classes of smooth admissible irreducible supercuspidal representations of GL2(Q)
over k.

We explain what supercuspidal means. Let B < GL»(Q,,) be the subgroup of all upper
triangular invertible matrices. A representation G — AutV of a topological group G is
called smooth if the action map G x V — V is continuous with the discrete topology on V.
Among continuous admissible representations of GL,(Q,), there are a few called parabolic
inductions. They are of the form:

IC;LZ(QP) X:={f: GL2(Qp) — k locally constant, f(bg) = X(b) f(g) for all be B, g € GL,(Q))}

for a smooth character X: B — k*, with left action of GL»(Q,) given by (g- f)(h) := f(hg".
Such representations are always smooth admissible and irreducible for “most” X. A smooth
irreducible admissible representation of GL,(Q,) over k is called supercuspidal if it is not a
subquotient of a parabolic induction.

c-Ind



Chapter 2

Mod p representations of GL,(Q),)

1. p-adic Groups

Consider G := GLy(Qp). This is naturally a topological group with the topology coming
from the complete topology of Q,,. It is precisely the subspace topology of the product topol-
ogy given by the inclusion GL,(Qp) — Q3". A fundamental system of open neighborhoods
of the identity 1 € GL,(Q)) is given by

GLn(Zp) 21+ pMat,(Z,) 21+ p*Mat,(Z,) >+ 21+ p Mat,(Z,) > -+
For brevity, denote K = GL,(Z,) and K(r) := 1+ p”" Mat,(Z,),r = 1.
1.1. Proposition. — GL,(Z)) is a maximal compact subgroup of GL,(Qp).

Proof. First of all, GL,(Z},) is compact because it is the preimage of the closed set Z; under
det: Mat, Z,, — Z,, so its closed, and Mat, Z, is compact because its homeomorphic to
Z;‘i"z. By the theory of Smith normal form, any A € GL,(Q,) can be written as A= PDQ
where P,Q € GL,(Zp) and D is a diagonal matrix. We can also ensure that the diagonal of D
consists of powers of p because we can “absorb” units (of Z,) into P or Q. So any subgroup
strictly containing GL,(Z,) must contain a diagonal matrix with at least one of its diagonal
entries having negative p-adic valuation because the product of diagonal entries, which is
the determinant, must be a unit. The subgroup generated by such a diagonal matrix cannot
be compact because of unbounded negative p-adic valuation. O

For n = 2, we also define the following closed subgroups of GL,(Q,)- the Borel subgroup
B of all upper triangular matrices, the maximal torus T consisting of diagonal matrices, the

. . 1
unipotent radical U = { 0

1 1eQp } . Symmetrically, B is the set of all lower triangular

. — 1 0 .
matrices and U = { ik teqQy } There is an exact sequence
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The above exact sequence is split due to the natural inclusion T < B. Thus, B=T x U and
analogously B =T x U.

1.2. Iwasawa decomposition. — G = BK.

Proof. We perform “integral” column operations to reduce a matrix to lower triangular form.
Do the following:

e Permute the columns so that the top left entry has minimal p-adic valuation among
entries in the first row.

o Now add suitable integral multiples of the first column to the others so that all the
entries except the top left in the first row is 0.

 Repeat this on the bottom right minor with induction on size of the matrix. U

2. Smooth representations

Fix an algebraically closed field k of characteristic p >0 and I" a closed subgroup of
GL,(Qp), or a finite group with the discrete topology. When we say 7 is a representation,
we denote the vector space as 7 itself. All our representations are going to be over k.

2.1. Definition. A representation 7 of I' is said to be smooth if the action map I' x 7 — 7 is
continuous where 7 is given the discrete topology. This is equivalent to saying
= U i
open subgroups W<T'
as the following proposition shows.

2.2. Proposition. — TI' x & — 7 is continuous if and only if © = Uwcr,open .

Proof. If T x m — 7 is continuous then the preimage of any vector v € 7 is certainly open as &
has the discrete topology. We can then intersect the preimage with the open set I' x {v} to
conclude that the stabilizer of v is open. For the other direction, assume 7 = Uyycr, Opennw.
Take any vector v € m and look at its preimage, say A, along I x & — 7. Pick any vector x € 7
such that An (I x {x}) # @. Then An (I x {x}) must be homeomorphic to the stabilizer of v. It
follows that any point in I' x 7, say (y, x), has a neighborhood contained in I" x 7 which is
homeomorphic to the stabilizer of v. Since the stabilizer of v contains an open set, it follows
that ' x 77 is open. O]

For any (not necessarily smooth) representation I', we define the smoothening
%= U al.
open subgroups W
Note that this is the largest smooth subrepresentation of 7 and it is much stonger than
just being a continuous representation. Smoothness implies that the representation is

7
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continuous with respect to any topology on 7. From now onwards, Modr be the cate-
gory of I'-representations over k and Mod®" be the category of smooth I'-representations
over k. We remark that (—)*: Modr — Mod®"r is right adjoint to the forgetful functor
Fgt: Mod®™ — Modr. In terms of universal properties, any map to W, a (not necessarily
smooth) G-representation, from a smooth G-representation factors through W<°.

2.3. Induced representations. If H c G are arbitrary groups and M a H-module, the
canonical way to upgrade it to a G-module is to consider M ®7(y; Z[G]. In a similar vein,
we define two induction functors. The goal is to find both left and right adjoints to the
restriction functor (=)|z: Mod®™ g — Mod®™ ;. Assume H is a closed subgroup of I' and ¢ a
smooth representation of H. Naively, one may define induction as Homy ¢t (I, o). However,
this is not necessarily smooth.

2.4. Ordinary induction is not always smooth. = Take H = {1},T = @;, and o =T set-
theoretically. Then Hom g set(I', 0) = Morge (I, I'). Consider the stabilizer of id: I' — I'. If
it is fixed by some g € T then it’s clear that wg = w for each w € I'. Hence, Stabrid = {1},
which doesn’t contain any open sets. So id is not a smooth vector.

Define the (smooth) induction as
Indqua :=HompstT,0)* ={f: T —0: f(hy)=h- f(y) for all he H,y e T}*.

The action of T is given by (g- f)(y) := f(yg). This procedure gives a smooth representation
of I' from a smooth representation of H. Note that the support of any f € Ind%a is clopen
in H\I'. We may define another type of induction functor for the case when H is an open
(hence closed) subgroup. Define the compact induction as

c-Indga ={f:T—o: f(hy)=h-f(y) forall he H,y €T, H\Supp f is compact (i.e., finite)},

where Supp f := f ~L(o\ {0}). It is easy to observe that this is a union of W-cosets so the
(topological) quotient Supp f/W makes sense. This is another procedure which gives a
smooth representation of T

2.5. Proposition. — C—Indgvr is smooth. In particular, c—Indg‘,T c Indgv T.

Proof. We have seen that c—Inda,T is generated by [1, x], x € 7, as a ['-representation. So, it
suffices to show that [1, x] is a smooth vector for each x € 7. Denoting, f=[1,x]: T — 1, it
is defined as f(w) = wx for all we W and f(w) =0 otherwise. Then, it is easy to see that
Stabyy x fixes f, which contains an open subgroup. Since W is open in T, it follows that the
same open subgroup is also open in T'. OJ

For y € T and x € 7, denote by [y, x] € c-Ind},, 7 the function supported at Wy~! and
defined by [y, x] (y‘l) = x. It is easily seen that we have the following relations

[yw,x] =[y,w-x] for we W, g-ly,x1=1gy,x] for geT.
8
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Also, any element of c—Inda, 7 can be written as
YLy xil =) vi-[1,x1.
i i

Hence, [1, x;] generates c-Indgvr as a I'-representation. Another way to define compact
induction is c—IndEIU = 0 Qg k[G] as the following result shows.

2.6. Proposition. — c—Indg,, = k'l ® w) T as I-representations. The isomorphism is given
by [y, x] - yex.

Proof. Consider the k[W]-bilinear map k([T'] x T — c—Indgv given by (y, x) — [y, x]. Here, we
assume left-action of k[W] on k[I']. By the universal property of tensor products, we get a
map of k[W]-modules f: k[[1®kwT — c—Indgv, Y®x — [y, x]. This upgrades to a map of k[I]
modules simply because f(gy®x) =1[gy,x]=g-[y,x] = g-f(y®x) for all geT. We claim that
this is the required isomorphism. Indeed, it’s clear that f is surjective since functions of the
form [1, x] generate c—Inda, 7. For injectivity, let’s assume that y1 ®x; +y2®x2+- - +y,,®x, — 0.
This means that ) ;[y;, x;] = 0. We know that Supply;, x;] = Wyi‘l. Suppose v, is in the
coset Wu. In the sum Y ;[y;, x;] = 0, we can delete all the [y;, x;] with y; ¢ Wu. Using
[yw,x] = [y, w-x], we can assume y; =y, := Y for i # j while possibly changing the x;’s. This
means that [y,); x;] =0. Hence, }; x; =0. Thus, }_;v;i®x; =y ® (3; x;) =0. O

2.7. Frobenius Reciprocity. — Let H < T and W < T be closed and open subgroups
respectively. Let m be a smooth T'-representation, o a smooth H-representation, and T a smooth
W-representation. We have canonical isomorphisms

o Homr(n,IndquU) = Hompy (| g, 0).
. Homr(c—lndgv 7,7m) = Homy (7, 7| w).

Proof. For the first part, we have
Homy (7, Ind% o) = Homr (r, Homg (T, 0)°)

= Homr (7, Homy (T, 0)) ((—)*° is adjoint to Fgt)
= Homr(I', Hompg (7T, 0))
= Hompy(, 0)
=Hompg (| gy,0).

The second part is just Hom-tensor adjunction. To write it explicitly, we have the isomorphism

Homr (k[I'] ® kjw) T, 7) = Homyy (7, )

given by ¢ — (t— @ (1 ® 1)) and its inverse (y® t — v - a(t)) <— a. O

In other words, Ind%: Mod®™ ;7 — Mod® ™ is a right adjoint to the restriction functor
()g: Mod®™ — Mod®™ . Similarly, c—IndEV: Mod®™ 5y — Mod®™'r is a left adjoint to the

9
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same. As a corollary, we obtain that Indqu preserves limits, in particular left exact, and
c—IndlrLI preserves colimits, in particular right exact.

2.8. Corollary (Ind behaves well with tensoring). — Let H be a closed subgroup of G. Given
a representations W and V of G and H, respectively, we have (Indg VeW= Ind%(V@ W\g).

Proof. Immediate from Frobenius reciprocity and universal properties. U
2.9. Pro-p groups. A pro-p group is a topological group which is the inverse limit of an
inverse system of p-groups. Canonical example: Z,,.

2.10. Lemma. — K(1) is a pro-p group.

Proof. Indeed, K(1) =lim(1 + Mat,(Z/p" 2)). 0J

2.11. Example. Let I(1) denote the preimage in K of the upper unipotent

*

o 1|<GLp).

This subgroup is pro-p by an argument similar to the previous lemma. It, and conjugates
thereof, are called pro-p Iwahori subgroups of K.

2.12. Lemma. — Any nonzero smooth representation t of a pro-p group H has H-invariant
vectors, i.e., T #0.

Proof. Without loss of generality, assume k = F,. Fix a nonzero v € 7\ {0}. By continuity,
there exists an open normal subgroup U such that x is fixed by U. Then H/U is a p-group
with a nonzero representation 7¥. We may now replace H by H/U and assume H is a finite
p-group. The H-orbit of x is finite and consequently there is a finite-dimensional subspace,
say F', which is stable under H. We may assume m =2 because otherwise H is trivial and
there is nothing to do. Here, GL,,(F),) is finite as a set whose cardinality is divisible by p.
Write GL,, () as a disjoint union of H-orbits. By orbit-stabilizer theorem, all orbits have
size a power of p. There is a singleton orbit {0}. Thus, there are other orbits of size 1. [J

3. Weights

3.1. Proposition. Any irreducible smooth representation of GL,(Z,) over k factors through
GL,(Fp) via the natural surjection GL,(Z,) — GL,(Zp)/K(1) = GL,(Fp,). Further, this induces
10
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a bijective correspondence
irreducible smooth representations irreducible representations
of GL,(Zp) over k of GL,(Fp) over k

Proof. Since GL,(Z,)/K(1) = GL,(Fp), it’s clear that there is a map from the right hand side
to the left hand side. For the reverse direction, let = be a smooth GL,(Z,)-representation.
By Lemmas 2.10 and 2.12, 7% is nonzero and GL,(Z,)-stable because K(1) is normal in
GL,(Z ). Because of irreducibility, we have 7 = X, Thus, 7 is also a representation of
GL,(Fp) = GL,(Z,)/K(1). [

3.2. Definition. A smooth irreducible representation of GL,(Z}), or equivalently GL,(F,)
by Proposition 3.1, is called a weight.

We remark that there are exactly p —1 weights, all one-dimensional, of GL; (F,) =,
because of existence of primitive roots.

3.3. Lemma. — Any smooth representation n of GL,(Qp) contains a weight, i.e., a subrepre-
sentation of 7lgL,z,) is a weight.

Proof. We use ideas analogous to the proof of Proposition 3.1. Pick a nonzero x € X, The
GL,(Zp)-orbit of x spans a finite dimensional GL,(Z,)-subrepresentation of n|gL,z ) and
therefore contains an irreducible subrepresentation. O]

From now on, we focus on n = 2. Define
a

b x
0 d :a,de[Fp,be[Fp}, Tp:{

Up:{ :bE[Fp}.

3.4. Theorem (Weights of GL,). — The weights of GL»(F,) are
F(a,b) := Sym“_b K ®det?,

a 0

Gp=GLy(F,), B,= { 0 a

:a,de[F;},

1 b
0 1

where 0<a—b<p-1and 0<b< p-1, where k? is the natural injection GL(F,) — GLy(k)
and det? is the representation GLy(F,) — k™, A (det AP,

Proof. We divide the proof into steps.

General observations. The symmetric algebra Sym“~? k? can be identified with k[X, Y],_p,
the a— b graded component of the standard graded k-algebra k[X, Y]. The action of GL»(F)
on F(a,b) = k[X, Y],4—p is given by

a

5 f(X,Y) = f(aX+7Y,BX+6Y)(ad - py)’.

11
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Observe that F(a+p—1,b+p—1) = F(a, b) as G,-representations. We may twist and assume
b =0 without any loss of generality to show irreducibility of F(a, b). Here we are using that
tensor product of irreducible representations of finite groups is irreducible.

F(a,b) is irreducible. It suffices to show that V := k[X,Y],; = Symd k2,0<d < p—1,is
irreducible.

Claim 1. VUr = kX4,

Let fe VUr. Then f(X,uX+Y)=f(X,Y) for each ue F,. Consider g(Y) := f(X,Y) - f(X,0)
€ k(X)[Y]. Note that g(—uX) =0 and degg < p. Thus, g =0 and f is a scalar multiple of x4,

Claim 2. The GL; ([ )-orbit of X4 spans V.

Indeed, it is easy to see that the polynomials (X + uY)%, u e F, generates V. This follows
from nonvanishing of a Vandermonde determinant. Put d = a — b. Note that d < p. Consider
the U, orbit of X47?:

d Ad\ . .
X+uy)?=Y" ud"( _)led",
i=0 l
for each uefF p- The Vandermonde determinant

d—i _ i
’” u=0,1,..d — [[ @' -u)#o.
i=0,1,.,d d=i>j=0

Therefore, by theory of linear equations, it follows that (X + u) u=0,1,...,d span the same
space as X'Y“~% i=0,1,...,d. Note that we don’t necessarily need all the p — 1 equations.

Finally, if W is a nonzero subrepresentation of V then by Lemma 2.12, WU # 0. So
WUr = kX4, But by Claim 2, the orbit of this space spans V. Hence, W = V and V is
irreducible.

The F(a, b) are distinct. Since T), is a subgroup of the normalizer of Uy, it acts on F(a, b)V» = kX a=b,
This action is given by

diag(a, 5) X470 = %60 X7,
If F(a,b) = F(a',b") we must have a— b = a’ — b’ because of dimension reasons. We must also
have a=a' (mod p—1) and b=b' (mod p—1). Hence, a=a’ and b=1'.

These are all the weights. There are two ways to do this—

o Let V be any irreducible G,-representation. Then VU is a nonzero T),-representation.
As T}, is abelian of order coprime to p, by Maschke’s theorem, this representation
decomposes as a direct sum of characters. If X is one such character, then X — VUr
as Tp-representations. This lifts to X — V as B),-representations. By Frobenius

. . G : D
reciprocity, we get a nonzero map Ind,” X — V, which has to be surjective since V
p
is irreducible. Therefore, it suffices to show that irreducible quotients of Ind ;" X are
p

12



Ayan Nath 2. Mod p representations of GL,(Qp) VSRP 2023

of the form F(a, b) for each T),-character X. The proof is now complete by Lemmas
3.5 and 3.6 below.

 Using modular representation theory (See Sections 4 for the background). The number
of p-modular representations of the finite group G, is equal to the number of
p-regular conjugacy classes in G,. Using Jordan canonical form, it follows that
the latter number is exactly p(p — 1), which shows that the representations F(a, b)
withO0<a-b<p-1and 0<b< p-1 form a full system of representatives for the
p-modular representations of G,. OJ

3.5. Lemma. — We have F(a, b)ﬁp = Xqp as Tp-representations, where X}, denotes the
character diag(d,, d») — dfdé’ . Further, the natural T,-linear map

F(a,b)"” — F(a,b) ~ F(a, bly
is an isomorphism.
Proof. We may assume b = 0 without any loss of generality and identify F(a,0) = Sym® k?
with k[X, Y], as before. Consider the following equations

1 0

1 =\

Xa _Xa — i (a) ulXa—lyl

10
u 1

Xa—lyl_Xa—lyl — i a_i ukxd—l'—kyi-i-k.

=1\ k
where 1 < i < a. This shows that Ker(F(a,0) — F(a, 0)5 ) is spanned by X4y, X4-2y?, ..., Y
Hence, F(a, b)[—]p = kX“. We have seen in Claim 1 in the proof of Theorem 3.4 that F(a, b)Vr = kX
This proves the lemma. ]

3.6. Lemma. — Let a,be Z with 0< a—b < p— 1. Any irreducible quotient of Indgz Xap is
F(a,b) and also F(a+ p—1,b) if a= b. Any irreducible subrepresentation of the same is either
F(b+p-1,a) and also F(b,a) if a=b.

Proof. Frobenius reciprocity tells us that Indg;7 — F(d, b)) ifand onlyiff X, — F(a',b"\Ur = X o y

(see Lemma 3.5). Similarly, F(d',b’) — Indg:’ Xap if and only if Xy o = F(a', D)y, — Xa,b-
Hence, there do exist quotients and subrepresentations as in the statement of the lemma.
Now,

dimF(a,b)+dimF(a+p-1,a)=(a-b+1)+(b+p—-a)=p+1

and dimInd,” X, = dim ¥, 8, 5, Fp[Gp] = [Gp: Byl = p+1. 0

3.7. Principal series representations. Let X;,X5: Q) — k™ be two smooth characters.
We then have a smooth character X; ® X,: T — k*. This inflates to a smooth character

13
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X1 ®X,: B— k*, which in turn induces a smooth G-representation X := Ind%)( 1®X,. This is
an infinite dimensional representation and it’s called a principal series representation.

3.8. Proposition (weights of principal series representations). — Let X =X ®X,: T — k™
be a smooth character as above. We can consider X as a smooth B-representation. Then

dimy Homg (V, Ind%XlK) <1

for all weights V. If X 1z # Xz|z;, then there is precisely one V such that equality holds,
and dim; V > 1. IfXIIZ; =Xalzz, then two choices of V such that equality holds, and either
dim V=1 or dim; V = p.

Proof. Let V be a weight. The restriction map Ind%?( — IndgnKX is an isomorphism of
K-representations. This can be checked manually by using the Iwasawa decomposition (or
see Mackey decomposition 3.11). By Proposition 3.1, we know that X;]| z; factor through F.

Let’s write X,-IZ;: Z,—~F, LN Thus,

Homg (V, Ind%XIK) =~ Homg (V, Indng(XIIZ; ® Xalz)
= HomEmK(V|§nK,X1|Z; ®X2|Z;) (Adjunction)
= Homgp(Vlgp,nl ®12)
=Homr, (V7,71 @12) (U, acts trivially)
Let V = F(a, b). By a brute-force computation, one can check that
F(a,b)g, =F(a,b)/(kX'Y*"" " 0<i<a-b).

As a Ty-representation, this is isomorphic to the tensor product of two smooth characters,
precisely, the ath-power character and the bth-power character. Hence, Homy, (Vﬁp,m ®12)
is one-dimensional when Vﬁp =1, ®n, and zero otherwise. Therefore, V is fully determined
by n;. If n; =7, then it’s clear that V = F(a, b) for a # b and hence dim; V > 1. On the other
hand, if n; =7, then V € {F(a, a), F(p —1,0)}. The former has dimension 1 and the latter is
p-dimensional. OJ

3.9. Example. Let X1,X>: Q, — k™ be two smooth characters. Consider the smooth represen-
tation

x:B—Ex, | g s X1 (@)X (6).

Then there is a vector space isomorphism:
{fe Indgx; Supp f € BU} — €°(Qp, k)

1 x
0 1

|

f*—>(fo

14
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where 6°(Qp, k) is the space of all locally constant, compactly supported functions Q, — k. In
particular, principal series representations are infinite-dimensional.

Proof. The LHS is indeed a vector space because Supp(f + g) < Supp f USupp g. First we
show that map

is well-defined- f being a smooth vector implies that f (

fr%(xr—>f (1) )lc

1 x 1 x
0 1]w):f(o 1

all w in an open subgroup, say V. The arithmetic of U is essentially same as (Q, +):

) holds for

-1
1 x

0 1

1 x-y
1 0

Ly
0 1

So we can choose y so close to x that ||x — y|| is very small and the right hand side is
contained in V. Hence, the image of f is indeed locally constant. Further, f being a smooth
vector also implies that f~1(0) is open. Therefore, B\Supp f is closed in B\G. By Iwasawa
decomposition, B\G = (B n K)\K, which is compact because BN K is closed in the compact
group K. In particular, B\ Supp f is compact. As B\BU = U, it follows that Supp f N U is
compact as well. This proves that the image of f indeed has compact support.

The given map is clearly linear. If some g+ 0 then Supp g cannnot be contained in BU.
So it’s injective. Now, we need to check surjectivity. Let ¢p be any locally constant, compactly
supported, k-valued map from Q,,. Define f: G — k as follows—let f: U — k be given by

1 x

fOl

= ¢(x).

Note that BN U = {1}. Hence we can extend it to a map f: BU — k

1 x
0 1

f(T ): T¢p(x), forall TeB.
Now just extend by zero to get a function f: G — k. It’s clear that Supp f < BU and that
Supp f is closed. Choose 7 so large so that

» the compact open subgroup K(n) is contained in G\ Supp f (possible because
G\ Supp f is open).

o Xlz, K is trivial (possible since X is smooth).

e ¢p(xa) = ¢(x) for each x € Q, and each a € 1+ p"Z,. Indeed, locally constant +
compactly supported implies that ¢ takes only finitely many values.

It is now easy to observe that f is fixed by K(n), which shows that f is smooth. OJ

We end this section by stating two very fundamental but extremely useful results—
15
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3.10. Schur’s lemma. — Let T be a group and V, W be irreducible T-representations.

e If V.and W are not isomorphic, then there are no nontrivial T-linear maps between
them.

o If V=W as T-representations, and they are finite-dimensional over an algebraically
closed field, then the only nontrivial G-linear maps is a scalar multiple of the identity.

Proof. See [Ser77, p. 13]. OJ

For any H-representation p over some field, where for g€ G we put §H:= gHg™! and
8p is a 8 H-representation defined as §p(ghg ') = p(h) for any h e H.

3.11. Mackey decomposition. — Let G be a locally profinite group. Let H and K be closed
subgroups in G. Let p be a smooth representation of H over some commutative ring R with
unit.

(1) If either H or K is open in G, then we have the Mackey decomposition

G G~ K §H g
Resgc-Indfp= @D  c-Indp gy Resgig 8p.
geK\G/H

(2) If K is open in G, then we have the Mackey decomposition

oo

G G ~ K §H 8
Resg Indj; p = H Indg ¢y Resgre®0|
geK\G/H

where for a K-representation 1, we denote by T the K-smooth part of 1.
(3) If we omit the assumption that K is open, there exists an example such that H is open
in G and the isomorphism in (2) does not hold.

Proof. See [Yam]. O

4. Associative algebras and conjugacy classes

The purpose of this section is to provide necessary background for the proof of Theorem
3.4 using modular representation theory. The reader is free to skip it.

4.1. Proposition. — Every reduced algebra is semisimple.

4.2. Wedderburn’s theorem. — Every simple k-algebra is isomorphic to Mat;,« (k) for some
positive integer n.

4.3. Proposition. — Let A be a finite-dimensional (not necessarily commutative) algebra
over an algebraically closed field k of characteristic p > 0. Let S = Span;{ab—ba: a,b € A}
and T ={r € A: r1 € S for some power q of p}. Then T is a subspace of A, and the number of
isomorphism classes of simple A-modules is dimy(A/T).

16
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Proof. As A is commutative modulo S, it follows that (a+ b)P = a” + b” (mod S). Therefore,
T is a vector subspace of A. Also, it’s easy to check that S c T. For now, assume that A is
simple. By Wedderburn’s theorem, we may identify A with some matrix algebra M, (k).
By routine linear algebra, S can be identified with the subspace of traceless matrices. This
can be checked at matrix units. We have dim A/S = 1 by first isomorphism theorem on
Trace: M, (k) — k. Therefore, either T = A or dim A/T = 1. As the matrix unit e; ; is not in
T, it follows that T # A and dim A/ T = 1. At this point, we have checked the desired result
for simple algebras A.

For the general case, of course rad A c T, where rad A denotes the maximal left ideal
of nilpotent elements. It turns that it is a two-sided ideal. Furthermore, it is well-known
that reduced algebras are semisimple. Note that rad A acts trivally on every simple A-
module. Hence, we may replace A by A/rad A. So we may assume A is semisimple. Write
A=A ®---® A, as a direct sum of simple algebras. It is not hard to see that T=T, &---& T;.
Therefore, dim A/ T = r. Thus, the required result holds since simple modules over A are just
A;. O

4.4. Proposition. — Let k be an algebraically closed field of characteristic p > 0 and let
A = k[G]. Then the number of p-regular conjugacy classes in G is same as dim A/ T.

Proof. Every x € G can be written as x = st where s is p-regular and the order of ¢ is a power
of p. If the order of x is np® for pt n then one can take s = x*”° and t = x?" for ap®+bn=1
(Bezout). Observe that st — s € T. This means that every element of G is p-regular modulo
T. Therefore, there are at least dim A/ T p-regular conjugacy classes in G. Let ry,7,...,T,
be a set of representatives of p-regular conjugacy classes. Suppose ) a;r; € T for some
coefficients a, € k. Fix a g, power of p, such that rl.q = r; for each i. Choose ¢ so large that
(X ;a;r)7€S. Then

0= _a;r)9= Za?r (mod S).

Note that S is spanned by expressions of the form ab - ba, and both ab and ba are in
the same conjugacy class. Hence, expressions in S have the property that the sum of the
coefficients of all elements in each conjugacy class is zero. Therefore, a? =0 = a; =0. The
proof is complete. O

4.5. Corollary (Brauer’s theorem). — The number of isomorphism classes of simple
k[G]-modules is equal to the number of p-regular conjugacy classes in G.

17
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5. Hecke Algebras for GL,

We fix a smooth G-representation m. We have seen that n|x contains a weight, say V.
The multiplicity of this weight is given by dim; Homg (V, 7|x). By Frobenius reciprocity,

Homg (V, 7x) = Homg(c-Ind$ V, 7).

5.1. Definition. The Hecke algebra of the weight V is #;V := Endg c—Indg V.

It is clear that Homg (c-Indg V,m) is a right #;V-module via pre-composition.
5.2. Proposition. — There is an isomorphism of algebras

HGV E{p: G—Endi V: @p(kigks) = kio@(g) ok, for all ki, k» € K, g € G, K\Supp ¢/K is finite}
(5.2.1)

The binary operation on this algebra is the convolution

@1 %)@= Y. @18y Np2(y).
YeK\G

Here, K\G denotes a set of right-coset representatives and K\ Supp ¢/K denotes double cosets.

5.3. Remark. We address well-definedness of the convolution sum in Proposition 5.2 and
alternative definitions of the same. Recall the main differences in definitions:

(a) Breuil’s definition [Br07]: Support is compact modulo center. (the author considers a
general local field F/Q,)

(b) Herzig’s [Herz]: Image of support in K\G/K is finite. (only F = Q)

(c) Herzig’s [Herz+]: Support is compact. (F=Qp)

I will show that all three are equivalent when F = Q,,.

e (@) = (b). Let f be a function whose support is compact modulo the center. Let’s
write Supp f =, KaK, union of disjoint double K-cosets. Certainly, KaK is open
compact. Indeed, it is a continuous image of the compact set K x K and it is open
because K and aK are open. Further, two disjoint cosets remain disjoint when
considered modulo Q. Quotient maps of topological groups are open. Therefore,
the images of KaK under GL2(Qp) — GL2(Q,)/Q}, are disjoint compact opens. If
this image is compact, then the union Supp f =[], KaK must be finite.

e (b) = (c). Supp f is a finite disjoint union of double cosets, say | | , Ka;K. Then
Supp f is certainly compact because any double coset KakK, being a continuous
image of K x K , is compact too.

e (c) = (a). This is trivial because continuous image of compact is compact.
18



Ayan Nath 2. Mod p representations of GL,(Qp) VSRP 2023

Now one has to check whether

Y pioepy 'y
YHEGIH

is a finite sum. Note that the sum is independent of representatives. Now Supp ¢, is compact
so is only contained in finitely many left cosets yH (recall H is open and the cosets form an
open cover of G, whence of Supp(¢;)). So the first term ¢, (y) in the sum vanishes outside
finitely many left cosets y H. So composition ¢ (y) o @, (y~'g) is also finite outside finitely
many cosets Y H (don’t need to argue with the second term). Thus the sum is finite.

5.4. Proof of Proposition 5.2. First we sketch the main idea.

Adjunction

HcV = Homg(V, C-Indlg VIk) € Morset (V,Morset (G, V)) = Morse: (G, Morse: (V, V)).
The right hand side of (5.2.1) is a subset of Morse (G, Morse:(V, V)). Take some
(v—fy e HomK(V,c—Indg Vik).

The image in Morse: (G, Morse:(V, V) is a function ¢ given by ¢(g)(v) = f,(g). From K-
linearity and definition of induction, we have

p(k18ks) (V) = fy(k18k2) = ki fi,u(8) = k1 (p(8) (k2 v)).

Therefore, Suppy = G\ {g € G: g€ Ker f, for all v € V} =U,ep,(v,0)Supp f», which is com-
pact as the unit ball is compact. We now check the product. Let ¢; € Mor(G,End V) be
corresponding to u/’i € Endg C—Indg V and y; € Homg(V, c—Indg V) for i € {1,2}. By definition,
v;(x) =1, x]. Note that v/ ([1, x])(y) = w;(x)(y) = ¢;(y) (x). Therefore,

viLxD = Y Iy Lei@l= Y. v Lei ().
YEK\G YeEK\G

Composing,
TATAGENELA Y y‘l[l,wz(y)(xn): Yoyt Y i eir) o pa(y2) (0]
YeEK\G 126K\G 71€K\G

= Y L @ () e @a(y) (0]

Y],Y2€K\G
=Y v Y ei0r2hetra],
veK\G Y26K\G
via the change of variable y = y,7y>. O

Given a Hecke operator ¢ € #;V and f € Homg(V, n|k), the right action of the Hecke
algebra is given by
fow= Y g 'flp@u.
geK\G
19
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To see this, Let @' and v correspond to ¢ as in the above proof. Suppose [’ € Homg(c—lndg V, )
corresponds to f. Using the results in the previous proof,

fa=FY vy Lep@l|= Y v flom ).

YEK\G YEK\G
We get a better understanding of K\G/K from the following lemma
5.5. Cartan decomposition. — G =||,<;Kdiag(p’, p*)K.

Proof. By the theory of smith normal forms, we know that G = J,<; Kdiag(p”, p*)K (c.f. Propo-
sition 1.1). Given distinct pairs (r, s), (r', "), r < 5,1’ < s’ we need to show that K diag(p”, p*)K #
Kdiag(p”, p*)K. Suppose not. Looking at p-adic valuation of determinants, we have
r+s=r"+s'. Further, looking at the norm of both sides, we get r = r’. Proved. O

5.6. Theorem (Hecke algebras for GL,). —

(1) For any pair of integers r < s, there is a unique Hecke operator T, € AV such that
Supp T, = Kdiag(p", p*)K and T, diag(p", p®) € Endy V is a linear projection.

(2) {T}s}r<s forms a basis for V.

(3) We have an isomorphism of k-algebras A£GV = k[T, T>, Tz‘l] where T, = Ty, and
T, = Ty 1. In particular, #cV is commutative.

Proof.

(1) Because of how Hecke operators are defined, ¢ € #;V is determined by the choice
of its values at matrices of the form diag(p”, p®). Pick some nonzero matrix A such
that k) diag(p”, p*) = diag(p’, p®) k, implies k; A = Ak,. Define ¢: G — End; V as

k1 Ak,, ifge k) diag(p’, p*)k,
P(g) = _ :
0, otherwise

It is easily seen that this is a well-defined Hecke operator supported at K diag(p”, p*)K,
provided such an A exists. We also need to show that such A is unique upto scaling.
e 1 =s. We show that A is a nonzero multiple of identity. We must have ko A = Aok
for all k € K. Then V -2 V is a nonzero K-module map, which by Schur’s lemma
must be a nonzero multiple of identity.
e r < s. Note that existence of a k, such that k; diag(p’, p*) = diag(p’, p*)k, is
equivalent to

ki€ Kn diag(pr,ps)Kdiag(pr,ps)_1 = { [i J

b
eK: a,deZZ,beZp,ceps_er}.
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An analogous statement holds for k,. So we may write

a b a ps_rb]

k) = ,
! p>Tc d

ko =
2 c d

for a, b, c,d as above. By Proposition 3.1, the condition k; A = Ak, is equivalent
to

a b A A a 0
0 d|- "¢ d|’
where the bar means “reduction modulo p”. We may rewrite this as

1 b 1
A=A, A=A
0 1

- (1) , diag(a,d)A = Adiag(a,d).

This implies that there is a commutative square

v —4 sy

L1

Vg — VU
P A

The third condition says that A is Tp-linear. By Lemma 3.5, it follows that
the space of such A is at most 1-dimensional and we may take T, to be
corresponding to any such nonzero A. It’s also clear that such A’s are linear
projections.

(2) Any f € AV can be written as

f= Z f|Kdiag(p’,ps)K-

rss

(3) Consider the following claims.

@) T;iTys= Tr+is+i = Trs Ty ;. In particular, Tp is the identity, T» is invertible and

T} =Ty,

(b) TysTh = Trs41+ 250 @i Tr+is+1-i for some a; € k.
We first outline the proof. Consider the following claims.

Claim 1. T; ; Ty s = Tryjs+i = TrsTi i
In particular, Ty is the identity, T> is central and invertible, and T, = T}, .
Claim 2. T, Ty = Trs+1+ X i>0 i Tr+i s+1-i for some a; € k.

Combining these two results, we have, for r <s,

S=Tr ol _ ol S—T _ /
L =117 =T+ Z a; Tyi1,5-i
1<i<(s—-1r)/2

for some a;. € k. This is shown by a simple induction on s—r. Therefore, {1}~ T; },<s
forms a basis for #V. This proves the desired result.
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Proof of Claim 1.

TrsTii(g) = Y. Tpns(gy DTii(y)
YEK\G

=Tps (gdiag(pi, pi)_l)

r+i
0
1, ifr=sand geK p i K
0 vp
— pr+i 0
klpkz, if r < s and g:kl . ]Cg
0 ps+l
0, otherwise
= Tr+i,s+i(g)-

Similarly, one can check that T;4; s+ = Trs T ;-

Proof of Claim 2. Using Claim 1, we may multiply out by 7," = T_, _, to assume
r =0 without any loss in generality. The convolution formula says
(Tos* (@)= Y Tosgy ().
YeK\G
Hence,
Supp To,s T < K diag(1, p*)K diag(1, p)K.
By looking at the determinant and using Cartan decomposition,
SuppTosTic ||  Kdiag(p', p*™' K.

0<i<(s+1)/2

So we can find a; € E such that
TosTi= Y. aiTise1-i
0<i<(s+1)/1

We now need to show that gy = 1. Indeed,

TosTidiag(l,p*™ = Y Tos(diag, p** )y HTi(y)
YeK\G

= ) Ty s(diag(1, p**Hy )P
yeK\Kdiag(1,p)K

- Z To,s(diag(l,p”l)y—l)p
76{[70,; é”U{[é Z]:Osusp—l}
o p! o 1| »! 1 —up! 1w
=T " T
0,s ps+1 0 I 0 uX:ZO 0,s 0 PS 1 0 »
= To,sdiag(1, p*) Ty diag(1, p) = To,s+1 diag(l, ps+1). C

5.7. Definition. Let V be a weight. A K-linear map f: V — = is an eigenvector of the
Hecke operator ¢ € #;V with eigenvalue A€ k if f-@ = Af.If f is an eigenvector for each
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¢ then f is called a Hecke eigenvector and the eigenvalues corresponding to T and T, are
called its eigenvalues.

5.8. Proposition (Hecke eigenvectors). — Suppose X: T — k™ is a smooth character and
f:V— Ind%)( is a K-linear embedding of the weight V. Then f is Hecke eigenvector of #¢V,
precisely,

[Ty =X(diagl,p) ™" f

[T =X(diag(p, p) " f.

Proof. From Proposition 3.8, it follows that f is a Hecke eigenvector. To find the eigenvalues,
one can perform a direct, but long, calculation. For the second equality,

(f-T= Y g 'f(Tag)x) =diagp, p~' f(Tx(diag(p, p))x) = diag(p, p) ' f(x).
geK\G

The eigenvector corresponding to T; is the ratio between (f - T7)(x)(1) and f(x)(1). By the
Hecke-action formula,

S=(f- TN =Y FOiENF™.

YEK\G

By definition, T} is supported at K diag(1, p) K. We have

. 0 1 u
Kdiag(1l,p) K=K u .
-pP o<usp-1 |0 P
Therefore,
Pl 1 1 —up’! 1 -p!
S= Zf Tl “ X UI_gl +f Tl 0 X 0 P
=0 0 p 0 p -p 0 10
pl 1 —up™! 0 1 0 —p!
=Y fw P+ rlp X P,
= 0 p -1 0 1 0
where P = T diag(1, p) and we are using the factorisation
1 u|l [1 o[t u o 1] _[1 o][o0 1
0 p| [0 p|lo 1 -p 0| |0 p||-1 o
Note that ‘
1 —up™| |up™ 0 ||l put||0 -1
o p ' | |-pt ulllo 1 1 0
Therefore,
X(diag(1, p)~" f (0 (D), if u=0
follt ~vp 1 put| o -1
= u —
0 p! X(diag(upl,ul))f(x)( P [ ]), otherwise.
0 1 0
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-1

1 0 -1
It is easy to verify using the definitions that f (x)( 0 P Li Lo

Therefore, the result is verified when dim V > 1. When dim V = 1, we know that V = det®”.
Therefore,

):OifdimV>1.

. -1 = -1 -1 1 opu '] |0 -1
S=X(diag(1,p) ) f(x) (D) + Y_ X(diag(up™", u™ ) f(x) o 1 111 o
u=1
0 —p_1
+fm( 1 0 )
— X(diag(1, p) ™) £(x) (1). U

6. Mod-p Satake transform
Denote by Vec the category of all k-vector spaces.

6.1. Lemma. — There is a natural isomorphism of functors Mod®™ r — Vecy.
G G\~ T
Homg(c-Indy V,Indz(-)) = Homr(c-Ind7 ¢ Vg, )
We denote this map by f — fr.

Proof. Observe that

Homg (c-IndI(i v, Indg(—)) = Homg (V, Indg(—) Ix) (Adjunction)
= Homg (V, Indgm x(=lTrK) (Iwasawa decomposition)
=Homg (V,—| T,) (Adjunction)
=Homrnk (Vg , ~lak)
= Homy(c-Ind7 Vg, ). (Adjunction)

OJ

Any Hecke operator ¢ € #;V gives a natural endomorphism, i.e., a natural transfor-
mation to itself, of the functor HomG(c-IndIG< v, Ind%(—)). By the above lemma, this gives

a natural endomorphism of HomT(c—Indgn K Vﬁp, —). All endormorphisms of the same are

given by the Hecke algebra Vﬁp :=Endp c-Ind?n K Vﬁp by the Yoneda lemma. Thus, we

obtain a natural map
Sg: GV — JfTVm.
This is called the mod-p Satake transform. We remark that
ooV ;{ ¢: T —Endi Vg = pkigks) = kiop(g) ok, }
U | forall ki, ke KNT, ge T, (Kn T)\Suppe/(Kn T) is finite
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follows by imitating the proof of Proposition 5.2. It’s clear that (fo¢)r = fr o Ss(¢p) for each
f € Homg(c-Ind§ V, Indg W), W € Ob(Mod*™ 7).

6.2. Proposition. — S is a homomorphism of algebras.

Proof. To check that it respects multiplication, note that

froSc(@iowz) =(fopro@a)r = (fop)ToSc(@2) = froSc(p1)oSc(p2).
Similarly, additivity and identity can be checked. O

6.3. Proposition. — We have the following explicit formula
Selp)()= ) prgoput).
ue(UNK\U
Here, pri;: V — Vﬁp and we are viewing ¢ and Sg(¢) as functions G — End; V and T — Endp V—p,
respectively. The expression on the right hand side is a sum of linear maps V — Vﬁp and implicit
in the statement is the assertion that the sum factors through V —» Vﬁp to a map Vﬁp — Vﬁp.

Proof. The proof of this is just a long computation. See [Herz+, Proposition 27]. OJ

6.4. Remark. We verify well-definedness of the explicit formula for S; given in Proposition
6.3.

(1) Finiteness of the sum. Suppose (Un K)a and (U n K)b be two distinct cosets where
¢ is nonzero. Since they are distinct, we must have ab~! ¢ U n K. This means that
KaK and KbK are distinct double cosets in Supp ¢. Since Supp ¢ consists of finitely
many distinct double cosets of K, the sum is finite.

(2) The sum is independent of coset representatives. Let A€ U n K. We want to show that

prgoAo@out =prgogpout.

Let x € V. Put @ outx = v. Then we wish to show that pr(Av) = pri(v), which is
obviously true because Av—v =0 in V3.

(3) Factors through coinvariants. Let A€ Un K. By universal property of coinvariants, it
is enough to check that S;(¢)(Ax —x) =0 for a general x € V. But this is trivial by
observations in (2).

One can obtain an analog of Theorem 5.6 quite easily because T is abelian. Define
Trs € %TVE,, by
Suppt,s= (T nK)diag(p", p*)(T N K), 7, sdiag(p’, p*) = 1.
Set 71 := 7o, and 7, :=71;. Then 7, = 7{""7} and JfTVm = klt1,72,77%, 751 It is just a
matter to computation to show that S;(T;) = 7; for i € {1,2}.
6.5. Theorem. — The Satake transform Sg: GV — Hr Vﬁp is injective.
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Proof. We employ the universal property. We know that (f o @)r = froSg(p) for any
f € Homg(c-Ind$ V, Indg W) where W is a B-representation. Suppose Sg(¢) = 0. Then

foe =0 for each E—representation Wand f e Homg(c—lndlc(; v, Indg W). We know by Lemma
6.1 that

Homg(c-Indg V,Indz W) = Homrk (Vi , Wirnx).

By symmetry, it suffices to find a nonzero f. Lemma 3.5 tells us that dimy Vﬁp =dimgX,p=1.
Hence, it suffices to find W so that Hom7nx (X 4,5, WlTnk) # 0. Just choose W =X, ;, viewed
as a B-representation through B —» T. The proof is complete. See [Herz+, Theorem 29] for
an alternative approach. O]

6.6. Theorem. — The image of S¢ is kl71,72,75'].

Proof. By Theorems 6.5 and 5.6, it is sufficient to verify that Sg(T;) = 7; for i =1,2. This
follows almost immediately by the explicit formula. OJ

Thus, the map S corresponds to the natural injection of k-algebras
k[T, To, T, 1 klt1,72, 775,750, Tie> 11, To > 7o

In other words, S is the localization map which inverts Tj.

7. Comparison between compact and parabolic induction

We describe comparison isomorphisms between compact and parabolic induction. Fix a
character X: T — k*, a weight V, and a K-module embedding into the parabolic induction
f:V— Ind%?( . Frobenius reciprocity gives us a nonzero G-linear map f: c—Indg V- Ind%?( .

Since f is a Hecke eigenvector, f is too. This is easily seen by identifying c—IndIG< V Zk(Gl®kV
and using explicit formulas. Define the character X': 7#;V — k* by

X'(T) = Xdiag(1,p)~Y,  X'(T») = Xdiag(p,p)~ .
By universal property of tensor products, f factors as
fr eIndg Ve sy X' — IndSX.
Our aim is to prove the following theorem.

7.1. Theorem. — This map is an isomorphism if dimV > 1.

Consider the natural G-linear map

F: c—IndI(é V— Indgc—lndgm( VUp
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which comes from the natural T n K-linear map VU,, — c-Ind?m K Vﬁp, x +— [1,x], via the
following natural isomorphisms

Homrng (Vi ,cInd%mKV )NHomBnK(VcIndTmKV )E

Homyg (V,Indy  c-Ind 7 V; ,) = Homg (c- -Ind V,Ind% c- Ind?nK )

7.2. Lemma. — F is #;V-linear with respect to Sg, i.e., Fop = Ind%SG(QD) o F for each
¢ € HGV. (Remember that Indg is a functor)

Proof. It suffices to check that FoT; = IndgrioF for i € {1,2}. Let F' e Homg (V, Ind_c Indf . VA 7))
correspond to F via the series of isomorphisms discussed before. We know from Propositon
5.8 that F' is Hecke-linear. We are now done because the Frobenius reciprocity isomorphism

Homg (V, IndGc IndTmK T, ) = Homg(c- IndG v, IndGc IndTmK T, )

is clearly Hecke-linear. ]

Since Sg(T7) = 71 is invertible, we get an induced G-linear and (#GV)[T] 1-linear map

. G -1 G T
F: c-Indg V@ v (A V)T '] — IndEC-IndTnK Vﬁp.

7.3. Lemma. — F is injective, and is an isomorphism if dimV > 1.

We first see how the above result proves Theorem 7.1.

7.4. Proof of Theorem 7.1. From Lemma 7.3, we have the isomorphism
be . G G T
By Corollary 2.8,
G T ~ G T
So, it suffices to show that
which is obvious because of the identlﬁcatlons
GV EKIT, To, T, Y, X Zk(Ty, T, T, /(T — (X diag(1, p)) !, T — (X diag(p, p) ). O

We will use the following result in the proof of Lemma 7.3.

0 1

7.5. Bruhat decomposition. — G = BU BwB, where w = ol

Proof. This just row reduction from rudimentary linear algebra. The rightmost B is the
echelon form of a matrix, the factor of w accounts for rows having to be reordered, and the
leftmost B is the coefficient matrix of the Gauss-Jordan elimination algorithm. 0
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7.6. Proof of Lemma 7.3. We show injectivity by using the theory of mod-p Satake transform.
It suffices to show that
F: c-Indg V — Indg c-Indr Vs
is injective. Indeed, the Satake map S; is a localization and .#;V is a domain. Suppose F is
not injective and there is a weight V' — (Ker F)|g. By Frobenius reciprocity, this induces a
nonzero G-linear map
0: c-Ind$ V' — Ker F.

Because of funtoriality of Indg and S; and Lemma 7.2, we have a commutative square

c-IndgV L} Ind%c-lnd;m( Vﬁp

G
BT degx ®)

c—IndgV L} Ind%c—lnd;m( VLU .
p

Hence, Ind%SG () o F' = 0. With notations of Lemma 6.1, F7. is identity. Thus,

_ G _
Sc(0) = IndESG(B)T =0.

We are now done by Theorem 6.5.

We follow [Herz+, p. 18-19] to prove surjectivity. Fix x € V. Then f:= F([1,x]) is a

B-equivariant function G — c-Ind”_ Vg, mapping fuk to [t,kx], t€ T,u€ U, k € K. To

compute Supp f, we want to determine when kx # 0 in Vﬁp. By Bruhat decomposition,

1 _ — _ _
L ol G, = wByUB,B,. For kx #0, we want k€ B,B, = B,U,

because wx € Ker(V — Vg ). Note that [(UnK) = (BnK)(UnD(WUNK) = (BN K)(UNK).
Therefore, Supp f < B(U n K). However,

after multiplying by w :=

1 a

0 1 =1, x].

f

So Supp f = B(UNK). Consider
{f €Indf c-Ind7 V= Supp f © BU) = 65 (Qp, c-Ind i Viy )

|

— g asgl|t @
g §: g01

This is a B-linear isomorphism (c.f. Example 3.9). The B-actions are
1 0

[0 lf y gT(a) :gT(ay/x).

Also, f(¢) equals [1,%] if t € Z, and 0 otherwise. We show that acting by (#;V)[T; '] and

G gives us all functions. Observe that (#¢V)[T; !]-span gives all functions supported and
constant on Z,. By scaling, i.e., T-action, we get any function supported and constant on

g'@=g"a+uw, 0
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any p"Z,. Furthermore, U-action behaves as translation, so we get all functions supported
and constant on a set of the form a + p”Zp, for any a€ Q) and n € Z. It is easy to see that
these functions span €5 (Qp, c- Ind%n Vg, ). So, we see that f generates all functions in

Ind%c-lnd?m K Vﬁp supported on BU. Acting by G, we get any function supported on BUg ™!

for each g € G. Since B\ G is compact by Iwasawa decomposition, it follows that these
functions span all of Ind¢ c—Ind%n Vg - 0
B p

7.7. Corollary. — If dimV > 1, the weight f(V) generates Ind%)( as a G-representation.

Proof. The of V in c—IndICé V generates it as a G-representation. This is easily seen by identi-
fying c—Indg V with k[G] ® k) V. The desired result is clear from the following commutative
diagram.

[~

c- IndG Ve—e—— IndG

|~

c—IndG K® v X'
[l

7.8. Corollary (irreducible principal series representations). — Let X1,X2: Q; — k™ be
two smooth characters, and X, IZ; # XgIZ;. Then Ind%(% 1®X>5) is an irreducible G-representation.

Proof. We are in the setup of Proposition 3.8. So there is a unique weight V and it satisfies
dim V > 1. By Corollary 7.7, V generates Ind%()( 1®X5). Any nonzero subrepresentation must

contain the unique weight V. Hence Ind%(?( 1 ® X») is irreducible. U

8. Digression: Bruhat-Tits tree

A good reference for this section is [Ser80, Chapter 2]. Let F/Q,, be a finite extension
of local fields with uniformizer z. Fix a two-dimensional F-vector space W.

8.1. Definition. A lattice in W is a Or-submodule of W which spans W as an F-vector
space.

We say two lattices L and L' are equivalent or homothetic if L = cL’ for some c € F*.
Denote by & the set of all equivalence classes of lattices. We endow & with a graph structure
as follows- the vertices are the equivalence classes [L] and two distinct vertices [L] and [L']
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are adjacent by a unique edge if there exists representatives L and L’ such that 7L< L' c L.
Why are not defining it as a directed graph? because nL < L' < L implies L' c Lca~ L.
Then & is called the Bruhat-Tits tree corresponding to GL,. The name is justified by the
following proposition—

8.2. Proposition. — X is a tree.

Proof. Let [L] and [L'] be two vertices of &. Since LN L' is also a lattice by standard lin-
ear algebra, we may replace L' by a different representative so that L' < L. Then L/L’ is
a finite Op-module. Hence, by Jordan-Holder filtration, there is a sequence of lattices
L'=Lyc---cL,=Lsuchthat L,,/L,_; =Or/n. This shows that & is connected. For the sec-
ond part, consider a path Lyc---cL,_jcL,c---c L, in &. In particular, L,,/L,_; =Or/n
and [L;] # [L;] for each i # j. We show that L,/Ly = Op/n" by induction on r. There is
nothing to do for r = 1. Assume as induction hypothesis that Ly/L, = 6r/n*~¢ for each
1 < k—¢ <r—-1. We have the following commutative diagram of &r-modules with exact rows

0 — I[1/Lg —> L /Lg —— L, /L] ——> 0

H ) )

0 — Ly/Ly —— Ly—1/Lo — Ly—1/L; —— 0

0 —— Oplr —— Opla™™! —— Opln"% —— 0.

If the top row splits then L,_y/Ly < L,/Ly — L,/L; must be an isomorphism. But this is
certainly not possible because the composition L,/Ly <> L,_1/Ly <> L;/Ly— L,/L; must be
0. Hence, the top row is non-split and L,/Ly = Or/n". Here, we are implicitly using PID

structure theorem. OJ
8.3. Proposition. — % is a regular graph of degree |Or/m|+ 1, i.e., every vertex has degree
|Cp/m|+1.

Proof. Fix a vertex [L']. Then [L] is adjacent to [L'] if and only if 7L < L' c L. That is,
there is a one-one correspondence between L and one-dimensional Or/n-subspaces of
a L/ = L' /wL = (@F/m)®?. The proposition follows by the observation that (0 /m)®? has
exactly |Gr/m| +1 lines. OJ

In fact, the structure of & is completely determined by the properties: (a) it is a tree;
(b) every vertex has |Or/n| + 1 neighbors.

8.4. Action of GL,(F). The general linear group Autz W acts on lattices. If L, ~ L, are
equivalent lattices then it is easy to show that AL, ~ AL, for each A € Autg W. Also, if
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FIGURE 8.1. A Bruhat-Tits tree when Or/m =F, [Cas, p. 7].

[L,] ~ [L,] are adjacent then [AL,] and [AL;] are also adjacent. Therefore, after fixing a
basis eq, e; € V, it follows that GL,(F) acts on &'.

8.5. Proposition. — The action of G on & is transitive on (ordered) edges.

Proof. Let us assume F = Q,. The same proof works in the general case. It is clear that G
acts transitively on nodes. Therefore, it suffices to show the following claim-

Claim 1. Let L be a lattice. Denote Gy := Stabg L. Then Gy, acts transitively on the edges
emanating from the node [L].

Again, because the G-action is transitive on nodes, we may assume L = Z?Z without any loss
of generality. Then Gr = K = GL2(Z,)Qj,. This is same as showing that Gy, acts transitively
on the set of sub-lattices L' Z?Z satisfying Z?zl L' =F,. Such L' are of the form A(Z?z) for
some A € Maty(Z)) such that det A = p. If B is another matrix with integral entries such that
det B = p then it’s clear that AB 1 eGL,(Z p)@; = Gy. Hence the claim. O

8.6. Stabilizers of edges as Iwahori subgroups. Choose a basis e, e;. Take the adjacent
lattices L = Opey + Opey and Ly = Opey + n0Ore,. Note that L, = aL; where a = diag(1, ).
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The stabilizer of the edge [L;][L,] is equal to
Stabg [L;1[L,] = Stabg[L;] nStabg[Ly] = KF* N aKa_lFx,

which can be easily verified to be equal to IF* where I = KnaKa ™! is an Iwahori subgroup.

*

In terms of matrices: the preimage of the upper triangular subgroup of GL,(OF/n).

8.7. Corollary. — There is a bijection between ordered edges of & and G/IF*.

Proof. Orbit-Stabilizer theorem. O

9. The Steinberg representation

The Steinberg representation arises from the principal series representation correspond-
ing the trivial character 1p: T — k™, i.e., Ind%]lT.

9.1. Definition. The Steinberg representation, denoted St, is the unique representation
which fits into the exact sequence

0—>1g —>Ind%ILT —St—0,
where the first map comes from Frobenius reciprocity. Explicitly, one can write

Ind%]lT ={f: G—k: f(xg) = f(g) for each x € B}*®
={f: B\G— k: f is locally constant]},

where we are implicitly using compactness of B\ G = (B K)\K (Iwasawa decomposition).
Then 1 can be identified with the subset of constant functions B\G — k.

9.2. Remark. One can alternatively define St via the exact sequence

C-IHdIG( Lk sumall nodes in 2
(Tl - ]-r T2 - ]-)

0 > St

1 >0

Recall the pro-p Iwahori subgroup I(1).

9.3. Lemma. — B\ G has exactly two I(1)-orbits. Furthermore,

1
10
e The coset B is stabilized by 1(1) n B and Bw is stabilized by I(1) N B.

e The action of I(1) N B (respectively I(1) N B) is transitive on the I(1)-orbit of Bw
(respectively B).

e A fundamental domain for the I(1)-action is {E,Ew}, where w =
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Proof. We know that B\ G = Bn K\ K. Consider the following identities:

a 00 1|(x y|_ az aw
c d||1 0||z w| |cz+dx cw+dy
a 0|1 0 (x y|_ ax ay
c d||0 1||z w| |cx+dz cy+dw|’
where Yler (1). We will either take z=0 or y =0 depending on the situation to prove
z w

the third assertion of the statement on the fly. It is not hard to observe that the RHS of
the above two equalities cover all matrices in K. Indeed, to express an arbitrary matrix

;i
g

€ K in the above form, we may proceed as follows—

e v,(e) > v,(f). Consider the first identity and set y = 0. Take a = p*»u; and
z = p» @Dy, while adjusting u, us, w € Z3 so that w =1 (mod p). Choose
¢ = h/w. Then we want to ensure cz+dx=g < g—-hw 'p»©@ Dy, = dx.
This is certainly possible.

e vp(e) <v,(f). Consider the second identity and set z = 0. Take a = p*»?u; and
y = p*?D7"r@u, where uy, u, € Z); are chosen such that x =1 (mod p). Set ¢ = g/x.
Then one can easily adjust d and w to ensure dw = h—gx ' p"r(=Vr(€y,, O

9.4. Lemma. — dim St/ =1,

Proof. We have the long exact sequence in cohomology,
0— k—IndZ(1p)'™ —st'V — H' (1), k) — H'(1(1), IndZ 17) = ---.
We know that H!(I(1), k) = Hom‘é":;t(l (1), k) holds because k is a trivial I(1)-module. We claim
that H'(I(1), k) — H! (I(l),Ind%(]l 7)) is injective. Suppose not. Let c € Homccf;gt(l(n, k) be
such that there exists some f € Indg]lT such that f(xg) - f(x) = c(g) for each x € B\ G
and g € I(1). Given any coset Bx in the I(1)-orbit of B, by Lemma 9.3, we can find
i € I(1) n B such that i fixes Bw and Bi = Bx. Therefore, c(i) = f(Bi) — f(B) = 0. Hence,
0=c(i) = f(Bi)— f(B) = f(Bx) — f(B). This shows that f is constant on the I(1)-orbit of B.
Similarly, f is constant on the I(1)-orbit of Bw. Thus, ¢ = 0 and we have the exact sequence
0— k—Inds 15" — st —o.

We are now done by Lemma 9.3 and the fact that dim is additive over exact sequences. [J
9.5. Remark. It is worth mentioning that H' (I(1), k) = HomcGOrrFl)t(I (1), k) is far from 0 due to
maps of the form I(1) - U, — F, — k.

9.6. Theorem. — St is irreducible.
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Proof. Since dimSt/™™ =1, it follows that St contains a unique weight. By Proposition 3.8, a
weight of Indg 17 has dimension either 1 or p. Let V be the weight of Indg 17 withdimV = p.
By left-exactness of Homg (V, —),

0— HOl’nK(V,]lGh() — HomK(V,Indg(ﬂ T)lK) — HOHIK(V, St|K).

Of course Homg (V,15|g) = 0. By Proposition 3.8, dimHomg (V, Indg(]l k) = 1. Therefore
V is also a weight of St, consequently, this is the only weight. By Corollary 7.7, V generates
the quotient St as a G-module. Any nonzero subrepresentation must contain the unique
weight V. Thus, St is irreducible. 0

9.7. Remark. The “Steinberg weight” F(p —1,0) is a weight of Ind%]lT and is disjoint from
1, hence a weight of St and therefore the unique weight of St.

10. Change of weight

Fix weights V and V'. Define the “relative Hecke object”, also called the module of
interwiners, as

6V, V') = Homg(c-Ind% V, c-Ind% V).

It is a (A V', #;V)-bimodule with pre- and post-composition.

10.1. Proposition. —

(D

, @: G— Homp(V,V"): p(kigks) = kip(g) k2

He(V, V) = e
forall k), ks € K, g€ G,K\Supp ¢/K is finite
(2) #G(V,V')#0 if and only if Vg, & VlL] as Ty-representations.
p
(3) If VZV'and Vﬁp = Vép, there is a Hecke operator ¢: G — Hom(V, V') supported
on Kdiag(p", p*)K if and only if r < s, and it is unique up to scaling.

Proof. The proof is essentially same as that of Proposition 5.2. O]

In (3) of Proposition 10.1, the only possibility is V = F(b,b) and V' = F(b+ p-1,b),
upto symmetry. There exist “relative” Hecke operators ¢~ : c—Indg vV — c-IndgV and
Pt c—IndICé V— c—Indg V' such that Supp ¢* = K diag(1, p)K. For the next proposition, we
make the identifications

FGV 2 KTy, To, Ty 1 = A6V
and call both algebras #. We think of ¢~ o¢™ and ¢* o~ as algebra endormorphisms of
F€=kIT1, T», T, ).
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10.2. Proposition. — The maps ¢~ and ¢* commute and ¢*o¢p™ = ¢~ o@* = T? - T, upto
scaling.

Sketch. One can develop a “relative” mod-p Satake transform giving an inclusion of algebras
Ho(V, V') — JfT(Vﬁp, Vé ) using which one shows that ¢* commute. The second assertion
p

is proved by a direct calculation. OJ

10.3. Corollary. — If X': # — k is an algebra homomorphism such that X'(T? — T») # 0 then

c-Ind{ Vet Zc-ndfV @z X .

Proof. We have maps ¢*® zX'. By Proposition 10.2, note that (¢ op™)® X' = X'(T? - T,) # 0.
Hence, their compositions act invertibly by the nonzero scalar X'(T? - T»). O]

10.4. Proposition. — Let X =X; ® Xo: T — k™ be a smooth character and X, # X,. Then
Ind%?( is irreducible.

Proof. The case X |z; # lez; is already done. So let us assume Xllz;) = lez; and X, (p) # X2(p)
We know that 7 := Indgx contains two weights, say V and V’, of the form F(b,b) and
F(p—1+ b, b), respectively, with 0 < b < p—1. Corollary 7.7 tells us that V' generates 7 as
a G-module. As usual, let’s suppose ¢ < 7 is a nonzero G-subrepresentation. It suffices to
show that V' c ¢. Indeed, if this were not true then there is a K-linear inclusion V < o|g.
This is simply because o|x must contain a weight. By Frobenius reciprocity, this gives a
G-linear map c-IndICé V — o, which factors as c-Indg V ® 7 X' — o for some Hecke-character
X', as Homg (V, |g) is 1-dimensional. By Proposition 5.8, X’ is given by X'(T;) = X»(p)~! and
X' (T2) = X1(p) ' X2(p)~!. Note that X'(T? - T) = X2(p) ' X(p) ™' = X1(p)~Y) # 0. Therefore,
Corollary 10.3 shows that we have a nonzero G-linear map c—IndI(i V'® X' — o, which gives
rise to a K-linear inclusion V' — ¢|g. Thus, o generates 7. O

11. Classification

In this section, we classify all smooth irreducible (admissible) representations of G. We
remark that this admissiblity assumption is not necessary. Let I' ¢ G be a closed subgroup.

11.1. Definition. A smooth I'-representation 7 is called admissible if dimz" is finite for
all open subgroups W of T'.

11.2. Definition. Let 7m be an irreducible admissible G-representation. We say 7 is
supersingular if for any weight V the action of T; on Homg (V, |k) is nilpotent, i.e., all
eigenvalues of T} are zero.
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Let us state the main theorem of this chapter.

11.3. Theorem (Barthel-Livné). — Every irreducible admissible G-representation falls into
one of the following disjoint families:

(1) principal series: Ind%)(l ®Xo, X1 #Xs,
(2) smooth characters: X odet,

(3) twists of Steinberg: St®(X odet),

(4) the supersingular representations.

11.4. Proposition. — Let i be a smooth T'-representation. Then m is admissible if and only if
dimn" is finite for some open pro-p subgroup W of .

Proof. Let W be an open pro-p subgroup such that dimz" < co and W’ be an arbitrary
open subgroup. By replacing W’ by W' n W we may assume W' < W. Since W is pro-p, W’
must have finite index. Note that 7%V = Homyy (Ly, 7ly) = HomW(c-Indw, Ty, wlw). We
are now done by Lemma 11.5. O

11.5. Lemma. — Let 7w be a smooth T'-representation such that dimn" < oo for some open pro-
p subgroup W of I'. Then dimHomyy, (M, 7|w) is finite-dimensional for any finite-dimensional
smooth W-representation M.

Proof. We induct on dim M. Since W is pro-p, there is an exact sequence
0O—1w—>M—>M/1y —0.

Applying Homy (-, w|w) gives us the desired result by induction hypothesis. O

11.6. Proposition. — Let w be smooth representation of G.

(1) The representation n is admissible if and only if dimHomg (V,7|k) is finite for any
weight V.
(2) If m is admissible, then m possesses a central character.

Proof.

(1) One direction is done by Lemma 11.5. For the converse, let us suppose that
dimHomg (V, 7|g) < oo for all weights V < n|. It is enough to show that X
is finite-dimensional. Note that 7K = HomK(c—IndE(l) 1xq), ) by Frobenius reci-
procity. We know that c-Indﬁ(U 1 gy is finite-dimensional. The proof is complete
by Lemma 11.5.

(2) There is a natural map @; = Z(G) — Autg . By Schur’s lemma, Autgm = k™. So we

obtain a character Q, — k™. O
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11.7. Corollary. — All principal series representations and all representations of the form
St (X odet) with X: @; — k* a smooth character, are admissible.

Proof. We have already characterised weights of principal series representations. So Proposi-
tion 11.6 (i) implies that principal series are admissible. By the proof of Theorem 9.6, we
get the second result. O

11.8. Remark and definition. Let V be a finite dimensional representation of I'. A filtration
0=VWcVic---cV,=V of Vis called a Jordan-Holder series if all the V; are subrepre-
sentations and each V;/V;_; is simple. The semisimplification V* of V is defined to be
EB§:1 V;/V;_1. This is independent of the choice of Jordan-Holder filtation.

11.9. Proof of Theorem 11.3. Let & be an irreducible admissible representation and let V be
a weight of V. The (finite-dimensional) multiplicity space Homg (V,|g) contains a common
Hecke eigenvector f: V — m|k. Let this eigenvector be given by the algebra homomorphism
X': #6V — k.1f X'(T7) = 0 for all V then 7 is supersingular. So let us assume X'(T}) # 0. Then
there is a nongero G-linear surjection c—IndI(é V ® z,v X' — m. We consider several possiblities:

e IfdimV > 1 then c-IndIG< Ve v = Ind%%l ®X, for some choice of X;. See Theorem
7.1. Therefore, 7 is either an irreducible principal series or a twist of Steinberg in
this case.

o IfdimV =1and X'(T? - T») # 0 then we have c-Ind% V ® 7, v X' = c-Ind% V' ® 7,v X'
for some p-dimensional weight V' from Corollary 10.3. One can now proceed as in
the previous case.

o If dimV =1 and X'(T? - T) = 0, then we may assume V = 1 simply by twisting
by a character of the form nodet. We may further arrange X'(T7) = X'(T») = 1 by
ensuring n(p) = X'(T7). One can prove that there is an exact sequence

G
c-Ind K 1k sum all nodes
(Th —1,T> —1) in Bruhat-Tits tree

0 St

1g 0.

The middle term is the same as c-IndICé 1k ®7,v X' It follows that 7 ® (nodet) is the
trivial character. Twisting back, 7 is a character of the desired form.

We now show that the four families discussed above are disjoint. We do an analysis on their
weights and Hecke eigenvalues. Firstly, if 7 is any subquotient of a principal series and V is
any weight of 7 then Vﬁp =X1lz; ® X2lz; as Ty-representations. This gives that the Hecke

eigenvalues on Homg (V, 7|x) are given by X'(Ty) = Xo(p) ™! and X'(T») = X1 (p) " Xa2(p) L.

o The condition X'(T;) = 0 distinguishes the supersingular family.

» The irreducible principal series representations are distinguished by the condition
1<dimV < por X'(T? - T») #0.

« Finally, the characters of G are determined by dimV =1 and X'(T? - T2) =0,

« while twists of the Steinberg are determined by dimV = p and X'(T? - T5) =0. O
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11.10. Definition. An irreducible admissible G-representation is called supercuspidal if it
is not a subquotient of a principal series representation.

11.11. Corollary. — If 7 is an irreducible admissible representation of G then 7 is supercuspidal
if and only if & is supersingular.

Proof. Immediate from Theorem 11.3. 0J

We end this chapter by stating a theorem which characterises supersingular representa-
tions.

11.12. Theorem (Breuil). — The irreducible supersingular representations of G are exactly

c-Ind¥, . Sym’ Fi

KQ
® (nodet),
(1) 7
where : Q) — ﬂ_:; is a character.
Proof. See [Herz+, Section 10] or [EmOS8]. OJ
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Chapter 3

Mod p local Galois representations

In this chapter, we classify all irreducible mod p representations of the local Galois group
Gg, = Gal(@pl@p) over k.

1. Structure theory of local field extensions

For this section, fix a local field (K,|-|), i.e., a complete non-Archimedean field with a
discrete valuation |-|. Let R be its valuation ring and k the residue field. We assume k to be
perfect and of positive characteristic p. We also fix an algebraic closure K of K. For basic
definitions of ramification theory, see [Ser80, Chapter 1].

1.1. Definition. A class of field extensions ¢ = {L/K} is said to be distinguished if it
satisfies the following two conditions:

e (transitive in towers) If K/F and L/K are in € then L/F is in €.

« (base change) Suppose E, F, K are subfields of a common field, and F c K,F c ()E,
and K/Fe . Then EK/E€€6.

e (Redundant) Suppose K, L;, L, are subfields of a common field, with K < L, n L,
and that L,/K,L,/K € €. Then L1,/ K€ €.

Well-known examples of distinguished classes include finite extensions, separable exten-
sions, and purely inseparable extensions. Both unramified and tamely ramified extensions
are distinguished classes of field extensions in the sense of [Lang]—

1.2. Theorem. —

e The class of unramified extensions is a distinguished class.
e The class of tamely ramified extensions is a distinguished class.

Then a formal consequence is that there exists a unique maximal unramified extension,
denoted K"™, and a maximal tamely ramified extension, denoted K'*™¢, The residue field of
KT js k. This is because given any finite extension ¢/k, there exists an unramified extension
L/K with residue field extension ¢/k. This comes from the theory of Witt vectors. The
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extension K*®P/K"™ is Galois and totally ramified. Also, there is a natural isomorphism
Gal(K"™, K) — Gal(k/k). We have the usual short exact sequence of Galois groups

1 — Gal(K®¥™me/gUnhy _y Gal(K'®¥™¢/K) — Gal(K"™/K) — 1.

An extension is called wildly ramified if it is not tamely ramified. Informally, K3¢P/K%@me jg
the wildly ramified “part” of K*°P/K.

1.3. Theorem (maximal tamely ramified extension). — For each positive integer e
not divisible by p, there exists a unique degree e tamely ramified extension L./K"™, ob-
tained by adjoining the eth root of any uniformer of K"™. Moreoever, K™ = J, L, and
Gal(K®@™e/ KW = [T, Zs.

Proof. We may relabel K" by K. The residue field of K is algebraically closed, so K
contains all roots of unity of order prime to p by the theory of Teichmdiiller lifts. Also,
all extensions of K are totally ramified because no residue field extension is possible. By
Theorem 1.4, we are almost done, except that we now need to show K[r'/¢] = K[zn"'/¢] holds
for two uniformizers 7,7’ € K. This is immediate because n/n’ € O is an eth power. Indeed,
this comes from a quick application of Hensel’s lemma and the fact that k is algebraically
closed. Now, let L, = K[7'/¢] be the unique degree e tamely ramified extension of K.
There is an isomorphism Gal(L,/K) = Z/eZ functorial in L, and e. Taking limits, we get
Gal(K®@me/K) zlimZ/eZ:Hﬁng. U]

1.4. Theorem (characterisation of totally tamely ramified extensions). — Let L/K be
totally tamely ramified with [L: K] = e. Then there exists a uniformizer m of K and a uniformizer
IT of L such that 11° = n. That is, L= K[x'/¢]. Conversely, if p{e then K(x'/]/K is a totally
tamely ramified extension of degree e.

Proof. See [Lang, pp. 52-53]. O

1.5. Theorem. — The wild ramification group Gal(K*¢P/K%@™Me) is pro-p.

Proof. A finite quotient of Gal(K®¢P/K'™¢) corresponds to a finite Galois extension of K*®™me,
Such an extension is purely wildly ramified and hence must be of p-power degree. O

By techniques similar to above, one can prove

1.6. Theorem (maximal unramified extension). — Suppose k =F ;. There exists a unique

unramified extension L./ K of degree e which is obtained by adjoining to K all roots of X re_x.
Moreover, K™ =, L, and Gal(K"™/K) = Z, the profinite completion of Z, which is topologi-
cally cyclically generated® by the Frobenius x —» xP’ of klk.

1i.e., Z has a dense cyclic subgroup generated by...
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Assuming the residue field of K to be finite, we summarise the main facts in a diagram:

KSep
pro-p
Ktame
[ezpZe
Kunr

Z

K

2. Serre’s fundamental characters

We return to working with Q. Let us setup some notations—

« o is the Frobenius of F,/F .

» The absolute inertia group I, = Gal(@pl@‘;,m). Of course, Gg, /Iy, = Gal(Q,™"/Q)),
which is topologically generated by o.

o I;=Gal(@@™/Q4™) and I, = Gal(Q@,,/Q™®).

2.1. Definition. Let X be set with an action of Gg,. We call the action unramified if I,
acts trivially.

As a special case we can define what it means for a Galois representation to be unramified.
Ifn: Go, — k* is an unramified character then it is fully determined by the choice of (o). For
A€ k*, we denote by u, the unique unramified character given by o+ A~!. For each n > 1,
fixan,e€ @p such that nzn_l = —p. Then Q™ = U,51 Q) (). To see this, use Theorem
1.3 and Fermat'’s little theorem. Furthermore, if g € Gg, then g(7,)/m, is a p" —1-th root
of unity, so there exists a character, independent of the choice of 7,,, w,: G@pn — [F;n such
that g(,) = w,(g)m,. Here, Q,» denotes the unique unramified extension extension of Q,
of degree n. It follows that ({, —1)’~'/p = -1 (mod {, — 1) from the following calculation

Cp— 1Pt p=2 1 1 wilson’s

1
~ZW,—1P 1= - =
€= ,E11+cp+---+cz (p—1)!

-1 (mod( —1).
p-1 p
I: ((p 1)((%_1)@!] _1)

Thus, w; is the familiar mod p cyclotomic character which we denote simply by w.

Of course w,, is trivial on the wild ramification “part” I,,. Therefore, w, is in fact a

n_ d_ .
character of I;. If d | n it’s clear that wgf DIPT-D - wg. For a given n and he Z, we say h

is primitive if it is not divisible by (p” —1)/(p? —1) for any d < n. Thus, we conclude that
every mod p character of I, is of the form w for some well-defined n and primitive 4. Such
a character said to be of level n.
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2.2. Classification. Let g € Gg,. Observe that 7+ w’(grg™") is a character of Gg,» which

. Ih . o h n=lp .
is of the form w!}, . If h is primitive then the characters 0, 0", ..., 0" are pairwise

. , s s . G .. .
distinct. Therefore, by Mackey’s irreducibility criterion ??, Inng” ' is irreducible. Note

n

that these inductions are finite-dimensional, and since G@pn has finite index in Gg ,» compact
and smooth inductions are equal.

p

. G . . .
2.3. Lemma. — We can twist Inng w> by an unramified character so that its determinant
2

p
is w. We denote the resulting representation by Ind w-.

Proof. It is easy to see that an unramified character X: G, — F; is actually a character
on Gq,/ Iaps = Gal(@Q,"/Qp) = Z. So X, being continuous, is determined by its value at the
Frobenius o € Gal(Q},""/Qp) since Z < Z is a dense cyclic subgroup. We have

G G
det(¥@Ind;,” wp) =X*det(Ind” wy).
p2 p2

G —
It suffices to show that the determinant of Inng’” , W2 on Labs = Gal(Q,/Q},™) is w. Indeed,

p
then it’s clear from the above formula that we can choose X to be an unramified character

so det(X ® Indggp w2) = w. So we are done by the following lemma. U
p2

G _
2.4. Lemma. — Determinant of Inng’” w2 on Gal(Q,/ @‘,;m) is w.
p2

Proof. Because of how w; is defined, w, restricted to Gal(@p/ @?me) is trivial. So wolr,,
is a character on Gal(Q™¢/Qy™) = [1gyz, Z¢, Where 616 ' =1P for T € Gal(Q™¢/Qy™)
and 7 € Gal(@}f‘mel@p) is a lift of The Frobenius 0. Choose a lift o € Gg ) of 0. Then
Gy, = Gy ,UGg ,0. By explicit description of induction, it can be seen that, for g € Gal(@p/ Q).
G o
detandcgg w5)(g) = det(wa(g)) det(w2 (@gT ) = w2 (w2 (gP) = w) () = w(g).

P
The lemma is proved. O]

It is easy to see that one can prove Lemma 2.3 in a more general setting where Q2 is
replaced by Qn.

2.5. Theorem (irreducible mod p representations of Gg,). — If W is an n-dimensional
irreducible representation of Gg, over k then there exists A € F; such that
~ h
W =Indw, ® yy
for primitive 1 < h< p" —2.

Proof. Since I, is pro-p and W is irreducible, W = W'r. Hence, W| Io, is a representation
of I;. Since I; is abelian of pro-order relatively prime to p, it follows that W|;, is a direct
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sum of characters. Let X be such a character. Then it of some level m so that it extends
to Gg,m- Consequently, WIGme contains X and so by Frobenius reciprocity W contains

Inng” X. Since W is irreducible, it follows that n = m and X = ! times some unramified

pm

character. O

3. The mod p local Langlands correspondence
We follow [Br10].

3.1. Theorem (Breuil). — There exists an explicit bijection
irreducible (admissible) irreducible continuous
supersingular representations of 'y +— Gal(@p 1Q,) — GL, (Fp)

GL>(Qp) over Fp upto isomorphism. upto isomorphism.

Sketch. The bijection is the following:

—2
c-IndIG(@; Sym'F,
(Th)

where on the RHS, 1 acts on F,, via local class field theory. OJ

® (nodet) +— Indw) ™ 1,

To the representation 7 which is obtained as the extension

GL2(Qp) GL2(Qp)
B(@Qp) B(@Qp)

we associate the Galois representation p which is obtained as an extension 0 — X; — p — X2 — 0.
Here ¢ is the reduction mod p cyclotomic character, and X, and X, are characters (I;D; — F>
which are not equal to each other nor to the product of the other by the p-adic cyclotomic
character or its inverse.

0 — Ind Xi@Xoe™ ! > —Ind X, @X1e ' =0

For more general 2-dimensional reducible representations of Gal(@p/ Qp), the corre-
sponding representations of GL,(Q,) are a bit more subtle to define and we refer the reader
to [Em10] or [Col, §VII]. The above correspondence can be realized using the theory of
(¢, T)-modules, which makes it much more natural.
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Chapter 4

Fontaine’s (¢,I')-modules

1. p-adic complex numbers
We first prove two basic lemmas.

1.1. Lemma. — If F is a complete valued field, then the completion of the algebraic closure F
is algebraically closed.

Proof. Denote the completion of the algebraic closure by E. Let P € E[X] be a polynomial
of minimal degree > 1 which doesn’t have a zero. By a suitable scalar change of variables,
we may assume that P € G¢[X] and P is monic. Choose a sequence P, € F[X] such that
lim,, yooPn=P. [

1.2. Ax’s theorem. — If F is a valued field of characteristic p, then F5P is dense in F.

Proof. If y € F then there exists n > 1 with a:= y?" € F*P by field theory. Pick any o with
a positive valuation. Let y; be a zero of the separable polynomial X?" — ¢’ X — a. It is now
clear that y; — y. O

We recall that a ring R of characteristic p > 0 is called perfect if the ring endomorphism
x — xP is bijective. Define C, as the p-adic completion of @p. The above results tell us that
C, is algebraically closed.

@p—M:p

-

@—>@p

FIGURE 1.1. Horizontal and verticle arrows denote completions and algebraic closure, respectively.
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2. Period rings in characteristic p
It turns out the Oc,, is not a p-ring, i.e., @; / p is not perfect. Define
@’Ep' hm @;p/p— (@, xM . xU E@’@ Ip, (xUHD)P = xDy
that is, the limit of the inverse system

.H@Cp/piﬁcp/p%@cp/p.

Also define
T+ : P =
E* = lim O, = {(xo, x1,...): X; €O, X;,, = Xi}
where the ring operations are defined by setting
. . k
(xy)i =Xy, (x+ ' =klgn (Xivk + YViri)? -

It is easily verified that @"’p =E* through the natural map E* — @’('[’:p given by
(x0, X1,...) — (xp (mod p), x; (mod p),...).

From now on, we work with E*. Define a valuation valg: E* \ {0} — R as valg x := val, xo.
We introduce the following notation.

o &:=(L,p,(p2,.. ) E E* where {pn is a primitive p"th root of unity.

o X:=¢g—1.

E:=E*[1/X].

E:=F,(X)®*Pc E (we will see later that E is an algebraically closed field).

The Frobenius map ¢: x+ x” on E*.

EY=L:= (01U (o)L (D).

Define 0,,: E* — O¢,/p as the composite E* = @qb:,, ™ O,/ p where 7, denotes

“projection onto the nth coordinate”.

We record some basic properties in the following proposition.

2.1. Proposition. —
(1) valgX=p/(p-1).
(2) ET is perfect ring of characteristic p.
(3) E is a field containing :=F,(X)).
(4) E¥'=1 = F,r where F), sits inside E* via a — (@''P") 0.

Proof.

(1) By definition, valg X = lim o0 ({ pn — 1P". Valuation is Galois-invariant. There-
fore, val,({pn—1) = ([)(p”) s—wval, W (1) =1/p"~ 1(p 1), where W ,» denotes the p"th
cyclotomic polynomial. The result follows.

(2) Obvious since ¢ acts as shifting coordinates.

(4) Easily verified. O
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2.2. Theorem. — E is algebraically closed.

Proof. It is enough to show that every monic polynomial P(T) € E*[T] has a root in E.
Put d = degP. Denote P,(T) = 0,(P) € (@Cp/p)[T] and choose monic lifts P, (T) € @’Cp[T]
respectively. Since C, is algebraically closed, the polynomial P, has zeroes a; y,..., @4 p.
If k> 1, define S, < Oc,/p = {af,;k (mod p)}. We claim that if p*¥ > d then S, ; does
not depend on the choice of P,(T). Indeed, if a € Oc,, is such that P,.r(a) € pOc, then
Hg.:l @ — &i,n+k) € pOc,, so that there is some i such that valy(@ — @+t = 1/d and a root
a= a;’mk of another lift ﬁjﬁk(T) of P,.«(T) so that S’n'k c Spx and we have equality by
symmetry. Likewise, we have S, x;1 < Sp,x and since SZ ks Snk+1 this tells us that the
sets {Sy,k}n=0 form a compatible system of nonempty sets of cardinal at most d so that their
inverse limit is nonempty. Since Pn(af;k) = Pn+k(ai,n+k)pk in Oc,/p, an element of that

»

inverse limit is a root of P(T) which completes the proof. 0J

2.3. Theorem. — E is dense in E.

Proof. See [Ber10]. O

3. Galois action on E

The absolute Galois group action Gg, on @p extends to a continuous action on C,. This in
turn extends to a continuous G@p—action on E. We know that Gg, actson Q pp=) :=Qpp, ¢ plrens
via the cyclotomic character Xcyi: Gg, — Z,,. Therefore, for g € Gg,, we have

g-X=Q1+X) wal®_1.

Also define #q, :=ker X ¢y = Gal(@pl Qp({p=)). Then the action of #, on E =F, (X)) is triv-
ial, and furthermore, if h € #Yy ) and K is a separable extension of [, (X)) then h(K) is another
separable extension of [, ((X)). Therefore, we have a map #g, — G, (x) := Gal(E/F, (X))

3.1. Proposition. — The map #g, — G ,(x) is an isomorphism.

Proof. If h € #,, acts trivially on E then by Theorem 2.3, h acts trivially on E, and therefore
on Oc,, so h =id. On the other hand, if a is an automorphism of E then it extends by
continuity to an automorphism of E. This automorphism must be trivial on [Fp((X))Perf . We
know that finite extensions of F, (X )Perf are of the form Ex where K/Q p is a finite extension.
However, Ex only depends on K so that a is the image of some element & € K, O]
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4. (¢,T)-modules

If W is an [ ,-representation of Go, then the [, (X))-vector space of diagonal Jf@p—action
invariants

D(W):= (E®p, W)™

inherits the Frobenius ¢ of E and an action of I':= Gg,/ #y,.-

4.1. Definition. A (¢,I)-module over [, ((X)) is a finite dimensional [, ((X))-vector space
endowed with a semilinear Frobenius ¢ such that the (formal) matrix of ¢ with respect
to an arbitrary basis is invertible, and there is a continuous semilinear action of I' which
commutes with ¢.

If E/F, is an extension then we endow it with the trivial ¢ and the trivial action of I" so
that we may talk about (¢, I')-modules over E(X)):=E ®F, [ p(X).

4.2. Fontaine’s equivalence of categories. — The functor W — D(W) gives an equivalence
of categories between the category of k-representations of Gg, and the category of (¢,')-modules
over k((X)).

Proof. Without loss of any generality, assume k = F,. By Hilbert’s theorem 90, H' (A, GLa(E)
is the trivial group, where we only consider cocycles which are trivial on an open subgroup
of 7y, So, if W is an F-representation of .#g, then Egg, W = E®™" as a representation
of Hy,- 1t follows that dim[Fp(( x) D(W) =dim W. In particular, D(W) is a (¢,T)-module and
one can recover W using the formula W = (E ®F,(X) D(W))?=1. On the other hand, if D is a
(¢, T)-module of dimension d over Fp((X)), then we set

W (D) :=E ®[Fp((X)) D(W))(pzl.

Choose a basis {d;}1<;j<q of D and let Mat(¢p)~! = (qij)1<i,j<a With respect to that basis.
It is easily checked that Zle Ai @ d; € (E®F,(x) D)?=! if and only if A’k’ = Zle qrili for
all 1 < k < d. Observe that E[Xl,...,Xd]/(X]f —Z?zl qriXi)1<k<a 1S an étale E-algebra of
dimension p? (this is easily checked using the Jacobian criterion from algebraic geometry).
Since E is separably closed, it is isomorphic to E”" from general theory of étale algebras
over a field. This identification gives us p? elements in W so that W is an [F,-vector space
of dimension d. It is then easy to verify that the functors W+ D(W) and D +— W(D) are
inverses of each other. OJ

5. Colmez’ functor

We study how one can construct representations of B, the upper triangular Borel sub-
group, from the data of a (¢, I')-module using Colmez’ functor.
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5.1. The operator w. Since 1,X,.. ., XP~!is a basis for k(X)) as a k((XP))-vector space, and
by nonvanishing of the Vandermonde determinant, sois 1,1+X,..., (1+X)?" 1. If a € k((X)), we
can therefore write a(X) = Z?:_é (1+X) a j(XP) in a unique manner. We define v (a) = ao(X).
A (p,T)-module D has a basis whose elements belong to ¢ (D). Indeed, this is equivalent to say-
ing Mat(¢) is invertible for a choice of basis. If y € D then we can write y = 25.’:_; 1+X)/ Py
and we set ¥ (y) = yo.

5.2. Lemma. — v commutes with T and satisfies

w(aX)p) =yw@X)y and y(a(XP)y) = a(X)y(y).

Proof. Straightforward computation. 0J

5.3. Lemma. — Every (¢,I')-module D admits a k[[X]]-lattice stable under .

Proof. Let & be a lattice of D. Denote by ¢* (%) the k[[X]]-module generated by ¢(%£).
There exists h =0 with X"P~1 ¥ c ¢*(%). This gives that X~"M c ¢* (X" %) and hence
X" is the desired stable lattice. O

If D is a (¢,T')-module, let N denote a fixed k[[X]]-lattice stable under . The inverse
limit limy D denote the set of sequences y = (¥,) =0 such that y(y,+1) = y, for all n>0.
Denote by

(limy, D)®44 = {y € limy, D: y is bounded in X-adic topology},
i.e., there exists j, depending on y, such that y, € X~J N for each n=0. The set (lim,, D)bdd
is y-stable and v is bijective on it. Of course, (lim,, D)P4d is T-stable because I preserves /-
stability of lattices. We define the action of a € k[[X]] on y € (limy, D)bdd by (ay)n = @™ (@) yn.

Denote by D the set of y, for all y € (limy, D)*44. This is a k[[X]]-module stable under y
and I'. Further, 1 is surjection on D, Observe that D ¢ X~' N because w/(X/N)c X~ [//PIN.
The natural map limy, D* — (lim,, D)® is an isomorphism, and D* is the largest bounded
k[[X]-module of D which is stable under ¢ and I and on which v is surjective.

5.4. Example. If D = D(w®uy) = k[[X]]-e with ¢(e) = Ae and y(e) = w*(y)e, then D! = X7 1k[[X]-e.

5.5. Representations of B. Each element of B can be written as a product of matrices
. 1 .

diag(x, x) for x € @;, diag(1,p’), j € Z, diag(1,u) for u e 7, and 0 i with z € Z,,. Let

W be a representation of Gg, and D(W) be the associated (¢,')-module. For any smooth

@;—character X, we endow lim,, D¥(W) with a B-action as follows:

o diag(x,x)- )i =X"1(x)y;
o diag(1,p/)-y)i=yi-j
e diag(l,a)-y); =y,1(yi), where y,1 €T is such that Xy (y,1) = a™' € Z5,.
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|

We then define Q(W) = (lim,, D! (W))* to obtain a smooth representation, where (—)* denotes
the continuous dual.

1 z
01

-y) = (1+X)P?y;.
i
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